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Abstract 

We generalize the description of baryons as instantons of Sakai-Sugimoto model to 
the case where the flavor branes are non-anti-podal. The later corresponds to quarks 
with a "string endpoint mass" . We show that the baryon vertex is located on the flavor 
branes and hence the generalized baryons also associate with instantons. We calculate the 
baryon mass spectra, the isoscalar and axial mean square radii, the isoscalar and isovector 
magnetic moments and the axial coupling as a function of the mass scale Mkk and the 
location £ of the tip of U-shaped flavor D8-branes. We determine the values of Mkk and 
£ from a best fit comparison with the experimental data. The later comes out to be in a 
forbidden region, which may indicate that the incorporation of baryons in Sakai-Sugimoto 
model has to be modified. We discuss the analogous baryons in a non-critical gravity 
model. A brief comment on the single flavor case (Nf = 1) is also made. 
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1. Introduction 



Baryons were incorporated into the AdS§ x S 5 model in [[L]|| via a D5-brane wrapping 
the S 5 with N c strings attached to it and ending up at the boundary. The strings are 
needed to cancel an N c charge in the world-volume of the wrapped brane that follows 
from the RR flux of the background. This object which is the dual of an external baryon, 
namely with infinitely heavy quarks was further discussed in and was generalized also 
to confining backgrounds || where it was found that their energy was linear in iV c and in 
the "size" of the baryon on the boundary. 

A realization of a dynamical baryon has become possible once flavor probe branes were 
added to holographic models. A prototype of such a model is Sakai-Sugimoto (SS) model 
. This model is based on placing a stack of Nf probe D8-branes and a stack of Nf probe 
anti-D8-branes connected in a U-shaped cigar profile, into the model of |§ of near extremal 
D4-branes. The baryon vertex is immersed in the probe brane at the tip of the cigar. In || 
it was shown that the baryon corresponds to an instanton of the five-dimensional effective 
U(Nf = 2) gauge theory. The physical properties of this baryon were analyzed in several 
papers [|lO| -p5|B. These include in particular the mass, size, mass splitting, the mean square 
radii, magnetic moments, various couplings and more. A comparison with experimental 
data reveals an agreement similar, or even better, than the one found in the Skyrme model 
H2gj| . I n spite of this success the baryons of the model of §J suffer from several problems. 
The size of the baryon is proportional to A -1 / 2 where A is the four-dimensional 't Hooft 
parameter. Since the gravitational holographic model is valid only in the large A limit, 
this implies that stringy corrections have to be taken into account. Another drawback of 
the model is that the scale of the system associated with the baryonic structure is roughly 
half the one needed to fit to the mesonic data!. 

SS model has a generalization |50[], where the location of the probe branes in the 
compactified direction is not anti-podal, or differently stating the tip of the probe brane 
is at a radial location uq > ukk where «kk is the minimal value of the radial direction of 
the background. The difference between the two cases is drawn in fig. 1. 



1 The different approach for the baryons in SS model has been studied by [ p6| , p7| . 

2 Ref. [29] has shown that this problem is substantially improved in the AdS/QCD model. 
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fig. 1 The probe D8-branes in the cigar background 



The non-anti-podal case is in fact a family of models characterized by the separation dis- 
tance L or a "string endpoint mass" of the quark [31]!. A natural question to ask is how do 
the properties of the baryon depend on the additional parameter and in particular whether 
the problems mentioned above in the context of the anti-podal case can be circumvented. 
This is the main goal of this paper. As a first step we address the question of where the 
baryon vertex is located in the generalized setup. We show that in the confining phase it 
is again immersed in the probe brane. In the deconfining phase above a certain critical 
temperature, the baryon vertex falls into the "black hole" and thus the baryon is dissolved. 
The main part of this paper includes a repetition of the calculations performed in ||[37| of 
the properties of the baryons now made in the generalized setup with non-trivial stringy 
mass namely a non-anti-podal configuration. The expressions for the mass spectra, mean 
radii, magnetic moments and couplings are derived as a function of the scale and the pa- 
rameter which measures the deviation from the anti-podal configuration. It has turned 
out that the generalized setup does not resolve the problem of the size of the baryon. We 
have found that the data can be fit with the same scale that governs the mesonic spectra 
provided the location of the probe brane is in an unphysical location "below the tip of the 
cigar" . It seems to us that this is an indication of a problem of the baryonic setup of SS 
model. 



We also analyze the baryons of the non-critical model [g8] based on the incorporation 
of Nf probe D4-branes into the background of a near extremal D4-branes residing in six 
dimensions. It is shown that the problem of the small size of the baryon is avoided in this 



For attempts to introduce the QCD or current algebra mass, see [32-36|. 
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model. We also setup the stage for the open problem of the baryons of a single flavor brane 
namely Nf = 1. 

The paper is organized as follows. After this introduction we describe the general 
setup of the non-anti-podal SS model. In Section 3 we analyze the baryonic configuration 
in the generalized setup and determine that the location of the baryon vertex is on the 
flavor brane. Section 4 is devoted to a detailed analysis of the baryon properties following 
in the non-anti-podal geometry. The values of the scale and the location of the 
flavor brane that fit the data in an optimal way are determined. We then present the 
open question of the baryon for a single flavor case. Section 6 presents an analysis similar 
to the one in Section 4 but in the context of a non-critical six-dimensional model. We 
end with a short summary, list of conclusions and open questions. Appendix includes 
the computations of the location of the baryon vertex in the general case of Dp-brane 
background with D(8 — p)-branes wrapping an S 8 ~ p cycle. 



2. The general setup of the non-anti-podal Sakai-Sugimoto model 

SS model is a system which consists of N c coincident color D4-branes and Nf coin- 
cident flavor D8-branes. When N c is large, the D4-branes are regarded as the background, 
of which metric is given by 



[q^dx^dx" + f(u)dx 2 4 ] + 



u 



du 2 

/(«) 



+ u 2 dflj 



(2.1) 



9 s 



'(4) 



2nN c 



e 4 , R 3 :=ng s NJl f(u) := 1 - (^) 



\ u J 



where rj^ = diag(— 1, 1, 1, 1). The volume of unit four sphere V4 is equal to 87r 2 /3. The 
£4 direction is compactified by the circle with the period 



AnRi 



3?/ 2 



(2.2) 



This period is determined so that the singularity at the tip u = «kk is excluded. Then 
the Kaluza-Klein mass scale Mkk becomes 



M- 



KK • = 



2tt 
6x4 

3 



3i/ 2 
2#t ' 



(2.3) 



The flavor D8-branes are realized as the probe in the D4-branes' background ( |2.1|) . 
The action of the coincident D8-branes consists of the two parts, 



Sr>8 — Sdbi + Scs- 



(2.4) 



S'dbi is the Dirac-Born-Infeld (DBI) action, 

Sdbi=T s J d 9 x 'y det(gMN + Itxol'F, 



MN , 



(2.5) 



where the D8-brane's tension is denoted by T 8 = (2tt) 8 l s 9 . The induced metric gMN is 
computed from (|2~l]), 



ds 



D8 



U 



— ) rj^dx^dx" + 



r) /(w)+ uJ m 
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( ^ J V-v/o'-t. (2.6) 



where w' denotes du/dx^. T is a U(Nf) gauge field strength on the worldvolume of the 
D8-branes. The U(Nf) gauge field A has also Chern-Simon action Scs, 



Scs 



. trf AF 2 - l -A 3 F-±-A 5 
24tt 2 J \ 2 10 



(2.7) 



where the integral is now a five-dimensional one. 

We shall study the shape of the D8-branes by the analyses of the classical solution of 
( p. lj ) without the gauge fields. In terms of (|2.6|) , the DBI action ( |2.5|) is written down 



Sb-bi 



Tail a 



4 / j4 



9s 



d xdx4 u \ f(u) + 



R\ u 



3 f n 



uj f(u) 



--: Sq[u{xa)]. 



[2.1 



Since the Hamiltonian calculated from this action is the function of only it, we can put the 
Hamiltonian constraint, 



u A f{u) 



fl\ 3 It' 2 



constant = Mqa/7( 



wo J 



(2.9) 



7W 



where we used u(0) = uq and w'(0) = 0. Note that wo > «kk- The Hamiltonian constraint 
is rewritten as 

du 



,(u_y / u*f{u) 

dx 4 ± U; n i<f(u Q ) L 



(2.10) 



The solution of this equation implies that the D8-branes are U-shape in the cigar geometry 
expanded by the (u, X4) coordinates (see also fig. 1). The boundary value x&(u = 00) := 
L/2 is evaluated from ( |2.10| ) 



L = [ L/2 dx 4 = 2 r ^- = 2 I" (-Y ; 1 du. (2.11) 

J -l/2 Juo W\ J U0 \uj f , u ) JvW) _ 1 

V u of( u o) 

L denotes the separation along the X4 direction between the D8-branes at u = 00. The 
equation ( |2.11|) relates the parameter uq at the IR (u = uq) with L at the UV (u = 00). 
When uq is equal to wkk, m other words, L = 5x^/2, the D8-branes are located at the 
anti-podal positions on the circular £4 direction. This anti-podal case is the original SS 
model 0J3|]. 



3. The baryon configuration in the genralized Sakai-Sugimoto model 

The external baryon of the model of ]]J was explored in 0. It is composed from a 
baryon vertex which is a D4-brane wrapped on S 14 and iV c fundamental strings stretched 
between this D4-brane and the boundary. A dynamical baryon in the model of differs 
from the external one in that the strings end on the probe flavor D8-branes and not on 
the boundary. The leading order action, which is the sum of the action of the D4-brane 
and the action of the iV c strings, takes the form 

S = — T 4 J dtdVL^e - ^ \/ — det — N c Tf J dtdu^J— det String = : — J dtE. 

where E is the energy density and 

T 4 = (2n)-% 5 , T f = (2tt)- 1 C 2 - 

In a similar way one can consider the baryonic D(8 — p)-brane wrapped on the (8— p)- 
dimensional sphere in the N c Dp-branes' background. This baryonic D-brane is regarded 
as the baryon vertex in the p-dimensional QCD-like theory. This analysis is presented in 
Appendix A. 

The idea now is to find the location of the baryon vertex from the requirement of 
minimizing the energy. The energy as a function of the location of the baryon vertex will 
be calculated for the two distinct systems of the confining background and the deconfining 
one. 
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3.1. Confinement phase 



The confining background is given by ( |2.1|) . Substituting this into the expression of 
the energy, we find 



E(u b ;uq) 



3l 

2nli 



i r° , 1 

dy 



£ con f(x;x ) = -x + 



J U B 



N c UkK p , . S 

con f y^'i "^oj i 



Vi -y~ 3 

where x := mb/ukk and xq := uq/ukk , the valid range of x is 1 < x < xq (see fig. 2). 



D8-branes 




u K K 



fig. 2 The baryon vertex in the confinement phase 

Since £ C onf (x; xq) is a monotonically decreasing function of x, the energy E becomes min- 
imum at X = Xq. 

The meaning of this result is that like the anti-podal case also for the generalized case 
where a;o(= wo/wkk) 7^ 1 the baryon vertex is immersed inside the flavor probe branes. As 
was mentioned this is only a leading order calculation. It can be improved by adding the 



energy associated with the deformation of the wrapped brane due to the strings ||40|1 , and 
by relaxing the assumption that the strings stretch only along the radial direction. We 
believe that these improvements would not change the conclusion that the baryon vertex 
is located on the probe branes. 

3.2. Deconfinement phase 

Next we study the location of the baryon vertex in the deconfining phase. The differ- 
ence in the background metric is that now the thermal factor is dressing the compactified 
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Euclidean time direction, and we replace the scale with the one related to the temperature 
ut- Since the background metric in this phase reads 



ds 2 = ( J [f T (u)dt 2 + 5 ij dx i dx j + dxl] + ( — ^ 



M«) :=!-[- 

u 



du 2 
Ut(u) 



+ u 2 dQl 



the corresponding energy can be evaluated 



E(u B ]u ) 



\u b V fr(u B ) + (u - u B ) 



. N c u T 
'''' 2tt/2 



^deconf \X) XqJ. 



£deconf (x; X ) = -xJl--T+ (xq ~ x) 



where x := Ub/ut, Xq := Uq/ut and 1 < x < Xq. 
^•deconf 




The energy (fig. 3) has a maximum at 



5 + 3^^ 3 
8 J 



Xmax is approximately equal to 1.08422. We are also interested in the critical value x c 
which satisfies 

E(l; x ) = E(x cr ; x ). 
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be analitically calculated, 



5 + VS3 
8 



1.34307. 



(3.1) 



If Xq > x cr , then the energy becomes minimum at x = Xq and the baryon vertex can exist 
at the tip of the U-shaped flavor D8-brane (fig. 4(a)). On the other hand, if xq < x CT , then 
the energy becomes minimum at x = 1, that is to say, the baryon vertex falls down into 
the black hole (fig. 4(b)). 




fig. 4 The baryon vertex in the deconfinement phase 



The physical meaning of the picture is that for temperatures lower than a critical tem- 
perature, which is higher than the temperature of the confinement /deconfinement phase 
transition, the baryon vertex will be in the flavor brane just as in the zero temperature 
case. However, for higher temperature the baryon is dissolved via falling into the black 
hole and becoming N c deconfined quarks. 



4. Baryons as instantons in non-anti-podal Sakai-Sugimoto model 

Once we found that the baryon vertex is immersed inside the probe flavor branes, to 
extract the properties of the baryons we have to repeat the computations done in P,|3~7| in 
the setup descibed in Section 2 rather than in the anti-podal geometry. 



We turn on the U(Nf) gauge fields as the perturbation around the classical solution 
^4 = discussed in Section 2. The DBI action Q2.5Q is expanded with respect to the gauge 
field, 

Sdbi = Sq + Sym + O^ 3 ). 

In a similar way to the anti-podal case it is convenient to introduce a new coordinate z 
defined by@ 

u = u KK (( 3 +(z 2 )K C = — ■ (4-1) 

UKK 

z and ( are dimensionless. ( takes a value in [1, oo) because of uq > mkk, while z takes 
a value in (— oo, oo). Though ( |2.10| ) implies that x±(u) is a double-valued function, the z 
coordinate makes it single- valued. The Yang-Mills part Sym is calculated in terms of ( |2~(j| ) 
and O, 

h(z-X)fl + M^ K k(z;0^ 



Sym = —k I d A xdz Tr 



(4.2) 



where 



Hz-X) 



( 2 z 2 (( 3 + (z< 



(( 3 + Cz 2 fz -(C 3 + Cz 2 )* -c 8 + c 5 



and k := AiV c /(2167r 3 ). A is t'Hooft coupling, A := g YM N c . It is easy to check that for 
C = 1 the anti-podal case is reproduced, namely, h(z) = (1 + z 2 ) -1 / 3 and k(z) = 1 + z 2 . 

From now on, we use the Mkk = 1 unit. When necessary later, we shall be able to 
easily recover the factor Mkk- For the later convenience, we rescale the coordinate z and 
the field A z , 

ho , fh 




Kn V hr 



V "0 

2^ 



ho and ko are defined through the expansions h(z; Q = h (C) + 0(z ) and k(z;Q 
ko(C) + 0(z 2 ) respectively, 



4 The £ parameter is a measure of the "string endpoint mass" of the quark. The latter is 
defined as 



1 



'0 



m q = ^—^ / du^/googuu- 

J ll K K 

This quantity is neither the QCD mass nor the constituent mass of the quark. In a crude way a 
non-spinning meson has a mass of the form M = T st L + 2rrig (for equal endpoints). 
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It is clear from these expressions that there is a critical value of £, that is ( cr = (5/8) 1 / 3 (< 
1), such that necessarily £ > Q cr . Recall however that by its definition £ > 1. We will 
come back to this point at the end of this section. 
The action Q4.2j ) is rewritten as 



<Sym = — k(C) / d A xdzTz 



(4.5) 



where h(z;Q and k(z; are defined in terms of Q13|) and (|4.4|) by 

fc(S;C):=^77r, Hz;0--=^l, HO ■■= *VMdW) = <■ 

Since fo(0; = ^(0; = 1 5 M-^ C) and can be expanded with respect to z as 



(4.6) 



h(z; = 1 + 5] MC)5 2n , fc(z; = 1 + 5] MO 



(4.7) 



n=l 



n=l 



For example, /ii(0 and /ci(0 are evaluated 



r (n 2C 3 -5 ~ 14C 3 - 5 

hi(Q= nA2 , fei(C) = 



(4.f 



9C 2 ' " iV ' / 9C 2 ' 

We shall concentrate on the simplest non-ablelian Nf = 2 case. With the final goal of 
comparing the theoretical results to the experimental data of baryons, it makes sense to 
choose this case, since the up and down quarks have almost the same mass and are much 
lighter than a strange quark. The U (2) gauge field is decomposed, 



A = A H 7==i = A + -A, 

^2N] 2 



(4.9) 



where A and A denote the SU{2) and U{1) gauge fields respectively. The Chern-Simon 
action ( |2.7| ) with the rescaling ( |4.3| ) is written down as 



Aqci tr (Fajas Facets ) + „ A oll F ol2a3 F ot40l r 

O 



(4.10) 



up to total derivatives. The indices are 0, 1, 2, 3, z and e 0123z = 1. 

The action of the gauge fields considered in this paper is constructed from ( P~5| ) and 
(» 

'S'gauge = SVm + SCS- (4-11) 
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This action leads to the following equations of motion for the gauge fields: 



OL\OL-2. * 0304 5 



h{z)D v F^ + D s (k(z)F» s ) = -—e^^^F^^F, 

OAK 

27lTK 



h(z)d v F» u + d s (k(z)F^) 



21-KK 

8Xk ' 



/jQia2Ci3a4 



tr( A'o; 1 o> 2 F n . i(il ) -(- ^F aiCt2 F a3Ct4 



k^d^F^ 



277YK 



8A£ 

where //j, 1/ are 0, 1, 2, 3. 



(4.12a) 
(4.126) 

) 

(4.12c) 
(4.12d) 



^.i. Baryon as instanton 

Following 0, we now introduce the rescaling of the coordinates and the fields, 



i i ~ ~ 

Aq = Amq, Ai = \/XA( r )i, As = y/\A 



(4.13) 



l(r)5, 



where i = 1, 2, 3, and consider the expansion with respect to large A. Under this expansion, 
we can approximate h(z^/^/\; C) ~ 1 and k(zM/VX; £) ~ 1 from (|4.7|) . The equations of 
motion (|4 . 1 2| ) are then reduced at the leading order of A to 



r-)( r ) rpNM _ n 



n ( r ) t?om __ - ,. , r M \ 

U M t {r) ~~q~~~^MNPQ-T ( r ) ^ (r) 



27ttk 



8h 



M ± (r) 
q(t-) fpOM _ 277TK 



MN rpPQ 



in, 



t , F MN F PQ ]+ - F M„ F 



iMN JTiPQ 



(4.14a) 
(4.146) 
(4.14c) 
(4.14d) 



(r) 1 (r) y 2 (r) M 

where M,N,P,Q = 1,2,3,5. Since ( f4.14a| ) is a four-dimensional instanton equation, its 



classical solution can be described as BPST instanton 41 



v(0 = 
g(x\z) 



\Z\A {r)M (x\ r) ,z ir) 

e 



-iv(£)gd M g 1 



(4.15) 



i= ^(x^-x^y + (~z-zy, 

■ (i = l, 2,3) 



e+p 2 

(z-Z)l -i(x l -X% 
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The field strength of A M are calculated as 



pel 

1-3 



2p 2 



2p 2 



( ^2 + /0 2 )2 - '»> *J (£2 +p 2)2'r 

This solution is a one-instanton solution. In a similar way we can write a 't Hooft multi- 
instanton solution. The equations ( [4.145, d. ) lead to 



A 



cl 



A 



cl 







, --m-" (4-16) 

with an appropriate gauge fixing. Substituting the solutions ( [4.15| ) and Q4.16Q into the 
equation of motion for Aq (|4.14d|) , we obtain 



d 2 M A Q 



648ttk 



P 



which can be solved, 



A 



cl 



27tvk £ 2 + 2p 2 



\h (e+p 2 ) 2 ' (4 ' 17) 

Here we should note that the £ dependence is included in the factor k/k = C _1 - This 
factor does not appear in the other gauge fields Aq, Am, Am and these fields are in the 
order of A . On the other hand, Aq is in the order of A -1 , that is to say, the ( dependence 
is derived from the A -1 correction. 

In terms of the classical solutions (|4.15|) , ( [4.16Q and Q1171) , one can compute the mass 
of the baryon M, which depends on the moduli parameters p, Z via S = — J dt M from 
the action ( P~TT| ), 



M 



8n 2 k 



1 + 



hi + ki 



Z 2 + P 



87rV( 1+^72 % + 



1 

3C 2 



2 

8C 3 - 5 



+ 



/27ttk\ 



p 2 + 



Xk 
729tt 2 1 



) 5p 2 



where we used ( 
M is minimized 



18C 2 r 5A 2 C 2 p 2 . 
Then we can find the critical values of the moduli parameters so that 



Per 



817T 



and the minimum value of M becomes 



A V40C 3 -25 : 

:i8- /8C 3 - 



(4.18) 



AC V 10 

From the expression of p cr we thus see that generalizing the anit-podal case to the 
C > 1 family of models does not improve the situation that the size of the baryon scales 
like ~ 1/ v^A and hence stringy corrections can play a role in the game. 

The same kind of analysis can be done in the non-critical holographic model in six 
dimensions [E2l|38ll. This will be discussed in Section 6. 
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4-2. Mass spectra 

The study of the mass spectra of the baryons is also very similar to the one in 0. 
The idea is to introduce the collective coordinates associated with the instanton solution 
and to semi-classically quantize them. The collective coordinates of instanton span a 
moduli space with a topology of M 4 x (M 4 /^)- The moduli are the position (X 1 , Z), the 
size p = \J yl + ■ ■ ■ +~y| and the SU(2) orientation ai := yi/p (I = 1,. ..,4). As usual 
the basic assumption of the semi-classical quantization is that the collective coordinates 
X a := (X 1 , Z, yi) depend on time. 

Thus the fluctuations of SU (2) gauge fields are described as 

A M (t, x) = V(t, x l )A M {x\ z- I^^y- 1 ^, x % ) - iV(t, x l )d M V- l {t, x l ), 



where A M has been given by ( [4.15|) . The equation of motion (|4.14fo|) determines $ : = 
-iV- x V as 

$(t, x) = -X\t)Af{x) - Z(t)Af(x) + X a (t)$a(x), 

X a = 2(a 4 a a -a 4 a a + e abc a b a c ), $ a = -v(£,)gT a g- x . (4.19) 

In terms of these equations, the field strength of the SU(2) gauge field is written as 
Fmn = VF MN V~ l and F 0M = V{X N F* N + pd p A% - x a D M ^> a )V-\ The equation of 
motion (|4.14d| ) with this solution of Am does not change A , that is, A = Af. 



Substituting the gauge fields obtained so far into the action (fO|), derives a Lagrangian 
of the collective coordinates which is the same as in ||, 

1 -^ 2 1 • 2 1 2 2 1 -2 1 2 2 Q 

L = -m + -m x X + -m z Z - -m z u z Z + ~m y y - -m y u p p - (4.20) 

where ~$ = p 2 + p 2 ~ct apart from the fact that the various mass parameters are now £ 
dependent as follows 

too = tox = Stc 2 k = 87t 2 k(i (4.21a) 

2 3C o 16C 3 -10 , jnin 

toz = 87t 2 k^3^, u 2 z = ^ , (4.216) 
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The system is then quantized in the same way as 0. Using the canonical momenta, 
the corresponding Hamiltonian becomes H = — (2mo)~ 1 (d/dX ± ) 2 — (2mo)~ 1 (d/dZ) 2 — 
(4mo) _1 (d I 'dlf) 2 + U. The isospin and spin currents are defined by 



d d d 

oy± oy c 



Ja ~ 2 



d d d 
-Vat, h VaT\ e abc y b - 



(4.22) 
(4.23) 



oy a oy<± oy. 

For a baryon which is located at X = 0, in other words, the baryon is static with respect 
to fluctuations in the ordinary four-dimensional spacetime. The energy spectra of the 
fluctuations of Z and ~y* take the following form 

E y = u p (y (/ + l) 2 + 2m y Q + 2n p + lj , E z = co z (n z + 

and hence, using ( |4.21|) , the baryon mass formula is given by 



(4.24) 



Mr 



m + E v + E z 



8C 3 -5 



(Z + l) 2 | 2iV c 2 | 2(n p + n z ) + 2 



6 



15 



(4.25) 



I is a positive odd integer and describes a spin J and an isospin I as I = J = 1/2. For 
later convenience, we write down the wave functions of proton \p f) and neutron \n |), 



'8C 2 



\p T) oc R(p; QiJziZ; ()( ai + ia 2 ), \n T> oc R(p; C)V>z(^; C)(a 4 + ia 3 ), (4.26) 

m 



18C 2 



^(^;C) = expi 



v/2C 2 (8C 3 -5)- 



(4.27a) 
(4.276) 



At this point we would like to compare the baryon masses and in particular the mass 
differences between the various baryonic states. For this purpose we first have to turn on 
back Mkk- If we identify the modes of (/, n p , n z ) = (1, 0, 0) and (3, 0, 0) with n(940) and 
A(1232) (see also Table 1), C and M KK satisfy 



N C X 8C 3 -5 / 2 6 

277 C+ V^C^ V3 + 5 + V3 



NcX 
27n 



'8C 3 -5 ( /8 , 6 



3 + 5 + V3 



940 

M KK 

1232 
M KK 



(4.28) 
(4.29) 
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We can read from these equations, 



M KK ' 



'8C 3 



292V15 



3C 2 



58 



28 



(4.30) 



Since the left hand side of this equation is the monotonically increasing function of £, the 
Kaluza-Klein mass Mkk is bounded as 



M KK < 



292V15 



58 - V28 



487 [MeV]. 



(4.31) 



In terms of Q4.28Q (or Q4.29Q ) and Q4.30| ), we can now compute the baryon masses 
Mkk Mi jTI )Tls [MeV], which are shown in Table 2 and compare them to the experimen- 
tal data of Table 1. This is done by first fixing N c = 3. 



N baryons {{J 1 



n(940) 

iV(1440) 

iV(1535) 

iV(1650) 

iV(1710) 

iV(2090) 

iV(2100) 



T7IT 

2^2 

1(1 + 
2\2 

2 V2 

1(1" 
2 V 2 



1( 

2 \2 

2\2 



1 + 



2\2 



1 + 



A baryons l(J P ) 



A(1232) 
A(1600) 
A(1700) 
A(1920) 
A(1940) 



MT 

§(f) 

1(1") 

1(f) 

1(1") 



Table 1: The experimental data of baryon mass spectra |43 



N baryons 


(n p ,n z ) 


M KK M hnptnz 


A baryons 


(n p ,n z ) 


M KK Ms,n p ,n z 


n(940) 


(0,0) 


940 


A(1232) 


(0,0) 


1232 


iV(1440) 


(1,0) 


1337 


A(1600) 


(1,0) 


1629 


AT(1535) 


(0,1) 


1337 


A(1700) 


(0,1) 


1629 


iV(1650) 


(1,1) 


1735 


A(1920) 


(2,0), (0,2) 


2027 


iV(1710) 


(2,0), (0,2) 


1735 


A(1940) 


(1,1) 


2027 


iV(2090) 


(2,1), (0,3) 


2132 








iV(2100) 


(1,2), (3,0) 


2132 









Table 2: The baryon mass spectra in our model. 



Since the 1/N C corrections are important for the states of larger quantum numbers, it is 
physically better to fit the baryon mass formula ( f4.25| ) to the experimental data by using 

15 



the lower quantum numbers. But here instead we determine the masses by using a best fit 
approach, namely, minimizing x 2 with respect to the all states listed in Table 1. We need 
to determine the two parameters A and B which are defined from ( [4.25|) by 



M KK M L 



A + B 



(l + l) 2 6 2(n p + n z ) + 2 
6 5 ^6 



9tt 



K 2 



Though we should take care of the zero point energy, here it can be absorbed into A. 
Then (A, B) = (99.9,424.8) is the best fit. This implies that A is not large and hence 1/A 
corrections may not be negligable. The Kaluza-Klein mass is bounded so that Mkk < 424.8 
[MeV]. The mass spectra evaluated in terms of these values are shown in Table 3. 



N baryons 


(n p ,n z ) 


M KK M hnp , nz 


A baryons 


(n p ,n z ) 


M KK M 3 ^ nz 


n(940) 


(0,0) 


1027 


A(1232) 


(0,0) 


1282 


iV(1440) 


(1,0) 


1374 


A(1600) 


(1,0) 


1629 


AT(1535) 


(0,1) 


1374 


A(1700) 


(0,1) 


1629 


iV(1650) 


(1,1) 


1721 


A(1920) 


(2,0), (0,2) 


1976 


iV(1710) 


(2,0), (0,2) 


1721 


A(1940) 


(1,1) 


1976 


iV(2090) 


(2,1), (0,3) 


2068 








JV(2100) 


(1,2), (3,0) 


2068 









Table 3: The baryon masses by the use of the minimal x 2 fitting. 

Since there are more degeneracies for the states with larger quantum numbers, the x 2 -fitted 
data are strongly affected by these states. 



4-3. Mean radii, magnetic moments and couplings 

Next we should like to determine the impact of C 7^ 1 on the baryonic properties of 
the mean radii, magnetic moments and various couplings. For that purpose we consider 
the currents of the U(Nf)L X U(Nf)n chiral symmetry in the same way as was done in 
37]. On account of the gauge configuration 



*/4.q (yX^ ^ z^j i^x^ , z^j ~\" &*A.Qt (^x^ j z^j , 
SAaix^i +00) = A L ^), 5A*(z m , -00) 
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we can read the currents from the action ( 4.11 ) 



where 



S, 



gauge 



-2 J d 4 xTv(A Lfl j£ + A Rtl j£)+0(5A 2 ), 



(4.32) 



Z=+00 

Obviously from the left and right currents one can form the vector and axial currents as 
follows, 



-K 



-K 



k{z)T%^{z) 



z=-\-oo 



(4.33) 
(4.34) 



ifjo(z) is defined by il>o( z ) '■= £,( z )/£,(°°) m terms of the function £(z) satisfying the equation 
k(z)dg£(z) = 1. £(5) can be rewritten as 



dz' 
o W] 



(4.35) 



because £(5) is an odd function and £(0) = 0. Then tpo(z) has the property of ^(±00) = 
±1. The currents are also decomposed as the gauge fields ((OJ) to the SU{2) and U(l) 
parts, = J M + (1/2)J M . In order to evaluate the currents Q4.33| ) and ( [4.34| ), it is 
necessary to understand the behavior of the gauge field strengths at the UV boundary, 
z = ±00. But so far we know the expression of the gauge field strengths only in the region 



of z < 1. Ref.[|37| has succeeded in extending it to the large z region in the anti-podal 
case (C = !)■ In the same way, we can easily evaluate in the non-anti-podal case the gauge 
field strengths for Z -C 1 <C z, 



F z « 2n 2 d (p 2 aT a 8L- 1 )d a H - 4n 2 ip 2 aa- 1 d s G 

- 2n 2 p 2 &T a s r l x*{{d l d a - d ia d 2 )H - <„,,<)' <i(;\. 

F % - z « 27r 2 p 2 ar a a- 1 {(a i a a - 5 ia d 2 )H - e iaj &d s G}, 



108tt 3 k 

1087T 3 K 



d s G, 



Zd,H - XidzG 



P 2 X a 



{(did a - 5 ia d 2 )H - e iaj &d s G} 



(4.36a) 
(4.366) 

(4.36c) 
(4.36d) 
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where a = + ia a r a . H and G are the Green's functions generalised for the curved 
background, 

oo oo 

G = k Mz)MZ)Y n (\^ ~ H = k (t> n (~z)K{Z)Y n {\t (4.37) 

n—1 n=0 

The eigen functions ^n's are defined by 

-h(z)~ 1 d s (k(z)d S 'i(j n ) = Xn'ipn, k J dzh(z)i(; m i(; n = 5 mn , (4.38) 
while n 's are defined on account of (|4.35| ) by 

0o(«) = —=^= f — , n (5) = -^=d^ n {z), {n G N) (4.39) 

^ZKt;(00)k{z) V A n 

so that these modes satisfy the normalisation k J dzk{z)$ m § n = S mn for n,m G {0,N}. 
Yn, denotes the Yukawa potential 

Y n {r) = --——. (4.40) 

Mean square radii 

The baryon number current is denoted in terms of the vector current (|4.33|) by 



2 - 2 



2 = + 0O 

k(z)F» z . (4.41) 



z= — oo 



Since the baryon number Nb is calculated as Nb = J d 3 x (J B ) = 1, the baryon number 
density ps with respect to the radial direction r = \Hf — A | is described as 

Ps (r) = 47rr 2 (j0) = -47rr 2 f;('A 2n _ 1 K I dz ~h(z )^2»-i(2)W-i(2)y 2n -i(r). (4.42) 

71=1 V ^ / 

Then the isoscalar mean square radius becomes 

p oo 

(r 2 )i= = / drr 2 p B (r) 



o 



6£ J2 / dzh(z)^ 2n ^(z)(iJ; 2n ^(Z)). (4.43) 



5 



The eigen equation in ( |4.38| ) is rewritten through ( |4.3[) and (4J3) as —h(z) 1 d z (fc(z)cWVi) 



AnV'm which is exactly the eigen equation providing the meson mass spectra. That is to say, the 
meson mass m n is denoted by m n = yAn- 
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Since the baryon is almost localized at Z = Z cv = on account of ( |4.18| ) and Q4.276|) , 
(ip2n-i(Z)) can be approximated by ?/>2n-i(0). Then, in the same way of P?|j ) the isoscalar 
mean square radius is evaluated 



m kkJo k(z>;()J 



dz"6h(z";(), 



(4.44) 



where we recovered the factor Mkk explicitly. One can numerically compute these inte- 
gration and depict the results depending on £ in fig. 5. 



M KK (r 2 >,=o 



17 . 5 
15 
12 . 5 
10 
7 . 5 
5 

2 . 5 



10 20 30 40 50 

fig. 5 The ( dependence of the isoscalar mean radius M KK (r 2 )/ = o 



The mean square radius (|4.44| ) in the anti-podal case (( = 1) has been calculated in |37 
that is, M KK (r 2 ) /=0 ~ 14.3. If the mass scale Mkk is fixed, then the mean radius decreases 
with respect to ( as can be seen in fig. 5. 

From the isovector charge Qy = (r a /2)Qy, we obtain from ( [4.33| ) and ( [136q] ) 



Q 



V 



tr( r a I d 3 xJ v 



= - j driTv^rf^^X^h J dzhWfon-^fon-i&Yin-tir), (4.45) 

where we used 47r 2 Kp 2 ztr(r Q aa _1 ) = 7 a , which is derived from ( [4. 22|) . The isovector charge 
density pv( r ) is defined by Q v = f dr I a pv(r). Comparing ( |4.45| ) with (|4.42|) , we can show 
that pv( r ) is equal to the baryon number density ps(r). So the isovector mean square 
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charge radius is the same as the isoscalar mean square radius. This statement does not 
change from the £ = 1 case investigated by ||37| . The electric mean square charge radii 
also have been mentioned in | ]37f , where the mean radius for a proton {t 2 )e, p and the one 
for a neutron (r 2 )^ n become 

(r 2 ) E , P = (r 2 )/ =0 , (r 2 ) E ,n = 0. 

These equations are satisfied also in the non-anti-podal case. 
Since the axial current ( [4.34]) leads to 

/ d s xJ A on - I drinr 2 V" ( A 2ri K / dzh(z)if;2n(z)tpo(z) j^^R^j^tiW = r ,~\, — r, 
J J J J k(Z)£(oo) 

and also f d 3 xJ A oc f drpA(r), the axial charge density pa{t) is defined by 

(Aur 2 Er=l( A 2n« / dzh(z)i) 2 n{z)'lpo{z)^dz^2 n {Z)Y 2 , 



Pa(t) 



i 



fc(Z)C(oo) 



Now we shall approximate (l/k(Z)) by the classical value l/k(Z cr = 0) = 1. Then, in the 
way similar to [37], the axial radius (r 2 ) a = / drr 2 pA(r) is described as 



(r 2 )A = j^ d-zj— dz'h(~z')M~z')- (4-46) 

In terms of ( |4.6| ) and ( |4.35| ) we can numerically evaluate {t 2 )a, and its behavior is depicted 
in fig. 6.H 



6 The integrations in ( |4.46| ) are numerically done by Mathematica in terms of Monte-Carlo 
method. 
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M£ K (r 2 ) A 
17 . 5 

15 
12 . 5 

10 



7 . 5 



2 . 5 



■ ■ c 

10 20 30 40 50 

fig. 6 The ( dependence of the axial charge mean redius M|- K (r 2 ) a- 

From fig. 6, the axial charge mean radius is a monotonically decreasing function along £. 
Ref.p?fl has calculated M| K (r 2 ) A w 7.82 in C = 1. 



Magnetic moments 



In terms of the baryon number current ( |4.41| ) , the isoscalar magnetic moment is de- 
noted by 

/4 =0 = i e « ifc | cfW'j! = (4.47) 

where % l can be described from ( [4.19| ) and ( |4. 23| ) as 

1 



X 



8tt 2 k 



Here we concentrate on the up-spin proton and neutron states, which have the spin 
(J 1 , J 2 , J 3 ) = (0,0,1/2) and the mass M^ xp w 940 [MeV]. By defining the g factor as 
H} =0 = gi=o(T l I '4Mjv) 5 we can identify the # factor as 



#7=0 



(4.48) 



87T 2 £M K K ' 

We should note that the (^-dependence is included in k, which is determined through the 
pion decay constant /^ xp « 92.4 [MeV], 



J 7T 



exp 



Mi 



KK 



7t 2 J k(z;C) 



(4.49) 
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This equation is read from the mode expansion of Q4.2]) for the pion field . The isoscalar 
magnetic moment gi=o can be rewritten as 



9i=o 



M KK M. 



N 



dz— 



1 



2tt 4 / 2 k (z;C) 
The ^-dependence of gi=o is proportional to J dz k(z; C) _1 , which is depicted in fig. 7. 

m kk9i=o 
2 



1 . 5 



(4.50) 



. 5 



10 20 30 40 

fig. 7 The plot ofMKK<7z=o(C)- 

The isovector magnetic moment is given by 

/4=i = e i j k J d 3 xx j tr(JyT 3 ) = -47r 2 Kp 2 tr(ar i a" 1 r 3 ) 

We can evaluate Q4.51| ) for the up-spin proton and neutron states as 

8tt 2 k 
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(4.51) 



</4=i>i 



-</4=i>. 



(p 2 ) is calculated in terms of the wave function ( |4.27a|) 



2 fdpp 5 R(p) 2 ^5 + 2^5 + N 2 2 
^ fdppZR(p) 2 2N C PcrlU ' 

where p cr has been calculated in (|4.18| ). Since the gi=i factor is defined in the same way 
as the isovector magnetic moment, we obtain 



2y/2M N ( r N*\ C 



(4.52) 
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The function Mkk6 , /=i of £ with N c = 3 is drawn in the following figure: 



M KK g I= 



8000 



6000 



4000 



2000 



10 20 30 40 50 

fig. 8 The plot of M KK g I=1 (() with M N = 940 and N c = 3. 



By the use of ( [4. 5U| ) and (|4.52| ), the magnetic moments for a proton and a neutron can be 
easily computed as p p = (gi=o + gi=i)/A and p n = (gi=o — gi=i)/4 respectively. 

Couplings 

The axial coupling g^ is defined in terms of the axial current J\ in ( |4 . 34j) as 



d 3 x(JT) = ^<tr(ar l a-V)>, 



(4.53) 



where J^ 1 = tr(r a J^). Since the left hand side of (|4.53| ) is calculated from ( ^.32| ), ( |4.34| ) 
and ( ^36^| ), 



one can read the axial coupling 



9a(0 



8tt 2 £ / p 2 \ V2N C C 



3£(oo) \k(Z)/ f (oo) ^OC 3 - 25 



(4.54) 



The approximation was given by the classical values, that is, p ~ p CT and k(Z) k(Z cv ) = 1 
with ( [4. 18| ) . We should note that £(oo) also depends on ( and can be numerically computed 
from (|4.35| ). Then <7a(C) with N c = 3 can be drawn as fig. 9. 
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. 56 
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fig. 9 The plot of g A (Q with N c = 3. 
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In the anti-podal case, |37| evalulated the axial coupling, #a(C = 1) ~ 0.697. Since ( |4.54j ) 
is independent of Mkk, we shall compare <7a(C) with the experimental datum g^ p , which 
is approximately equal to 1.27. If we set fiu(C) ~ 1-27, then fl4.54j ) leads to C ~ 0.870. But 
this solution is nonsense, because £ must be in [1, oo) by definition. At present, the best 
fitted value of £ for the experimental data is £ = 1, that is, the anti-podal SS model. We 
shall give more comments on this issue in Section 7. 

4-4- Mkk and ( fitted to experimental data 

So far we have calculated the baryon mass spectra, the mean radii, the magnetic 
moments and the couplings as functions of Mkk and £. Comparing those quantities with 
the experimental data, we shall determine Mkk and £. We remind the reader that for 
C = 1 these properties of the baryons were computed in [B7J . The idea is to find the values 
of Mkk and £ that yield the best fit to the experimental data. We shall extract the relation 
between Mkk and £ in five different ways from the baryonic data and in two more ways 
from the mesonic spectra. 

We start with the mass difference ( |4.30| ) between the neucleon, n(940), and the lowest 
mode of A-baryon, A (1232), from which we find the following relation between Mkk and 



876\/5 C 



M KK 



58 



28 
24 



=: Bi(0- 



(4.55) 



Next we use the isoscalar mean square radius (|4.44j ) to obtain 



M K K = W 7 ™r/ dz'Hz'-X)- 1 dz"h(z";C)=:B 2 (0, (4.56) 
V V 11=0 Jo Jo 

where the experimental datum of the isoscalar mean square radius (r 2 )fl ~ 0.806 [fm]. 
Using (|4.35| ), we calculate Mkk from the axial mean radius Q4.46| ), 



Mi 



KK 



\ Hrjr^iD- ^ B:,{a (4 ' B7) 



where the experimental datum of the axial mean square radius (r 2 )^ xp « 0.674 [fm]. 
The isoscalar magnetic moment (|4.50|) yields the relation 



4/ f exp\2 exp 

Mkk = ^r~Ar = Vi =: B4(C) - (458) 

M AT Jo dzk{Z]Q 

The experimental data of the pion decay constant and the isoscalar magnetic moment are 
given by /^ xp ~ 92.4 [MeV] and gf=? ~ 1.76. Substituting N c = 3 into the isovector 
magnetic moment ( f4.52| ), Mkk is written down as 

M KK ^ (l + 2 ^)_^ (f , 

M^ P and are given by the experimental values, M^ p « 940 [MeV] and ^j*^ ~ 9.41. 

The meson spectra have been studied extensively in the literature. Here we consider 
the p and a± mesons. We match the calculated masses with the experimental data, so that 

Mkk = = : • Mi(0 - (4 ' 60) 



The functions m p (C) and m ai (£) are dimensionless and have been evaluated numerically 
in 



44}] . The experimental values of the meson masses are described as m^ xp ~ 776 [MeV] 



and m e ^P ss 1230 [MeV]. 
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fig. 11 (a) The crossing points in £ < 1. (b) The crossing points in £ > 1. 



The various forms of dependence of Mkk on £ are depicted in fig. 10. In fig. 11 we 
enlarge the picture in the two regions where the various functions are crossing. One region 
(fig. 11 (a)) is in the "un- physical domain" where ( < 1, and the other is for C > 1. The 
values (Mkk, C) °f each crossing point in fig. 11 is listed in the following table: 
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label 


(C, M KK ) 


label 


(C, M KK ) 


label 


(C, M KK ) 


1 


(0.856, 1240) 


10 


(0.909, 1110) 


19 


(1.80,608) 


2 


(0.874, 1250) 


11 


(0.913,1100) 


20 


(2.42,520) 


3 


(0.875, 1220) 


12 


(0.914, 1070) 


21 


(2.45,457) 


4 


(0.877, 1180) 


13 


(0.941,879) 


22 


(2.84,430) 


5 


(0.887, 984) 


14 


(0.943,884) 


23 


(3.86,222) 


6 


(0.890, 1160) 


15 


(0.946,872) 


24 


(4.47, 206) 


7 


(0.891,1150) 


16 


(0.977,952) 


25 


(5.09,132) 


8 


(0.906, 784) 


17 


(0.986,967) 


26 


(5.97,122) 


9 


(0.909,1110) 


18 


(0.997,986) 







Table 4: The crossing points in fig. 11. 



( fl.55|) and ( |4.59| ) have no crossing point and B§ / B\ is independent of 8$ / B\ should 
be equal to one in order for the prediction of the model to fit the obsevational values. In 
fact, substituting the experimental values, we evaluate 

(V29-VU)(V5 + 2VU)gTIi 



1095M^ xp 



1.457, 



which means 45.7% difference. 

A better way to determine the values of the two parameters (£, Mkk) is by a fit of the 
calculated results to the experimental data using a x 2 -method. This leads to the values 



C = 0.942, M KK = 997 [MeV]. 



(4.62) 



Since in the model of @ ( must satisfy ( > 1 by definition, the result for ( in ( ^4.62| ) 
does not make sense. Let us ignore this problem for a moment, estimate the physical 
quantities naively by using the values (|4.62[) and then discuss possible scenario that yields 



this situation. The calculated results based on (|4.62|) are summarized in Table 5 





our model 


experiment 


discrepancy [%] 


m p 


746 MeV 


776 MeV 


-3.86 


m ai 


1160 MeV 


1230 MeV 


-5.31 


"T-A(1232) 


1.51 


1.31 


15.2 


m n(940) 








vV>/=o 


0.813 fm 


0.806 fm 


0.920 




0.594 fm 


0.674 fm 


-11.9 


9i=o 


1.99 


1.76 


13.1 


9i=i 


8.41 


9.41 


-10.7 



Table 5: The x 2 -fitting. 
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Note that, in Table 5, we fixed m n ( 940 ) = 940 in the calculation of WA(i232)/ m n(94o)- 
The axial coupling is independent of Mkk, and is evaluated in terms of ( in (|4.62|) as 
qa = 0.779, which has —38.7% difference from the experimental value. 

Now let us come back to the issue of possible meaning of (|4.62| ). First notice that 
the value of £ is larger than the critical value defined in Section 2, ( cr = (5/8) 1 / 3 . The 
fact that the value of C yielding the best fit came out to be in the un-physical region of 
C < 1 may indicate that the description of the baryonic phenomena in the model 0, as 



given in [37 , has to be modified. We cannot pinpoint the precise reason for that, but it 



might be that, due to local back reaction of the flavor brane with the baryon vertex on the 
background, the U-shaped cigar geometry is distorted so that effectively ( < 1 is allowed. 
Again we do not know that this is indeed the case but it seems to us that the fact that 
we have found the parameter £ out of its region of definition may indicate a problem with 



the scenario for (f4.62|). 



5. Baryons in single flavor model (Nf = 1) 

We have started our journey with the baryon vertex attached to the flavor branes 
with N c strings. In this picture, which was analyzed in Section 3, nothing forbids us from 
taking only one single flavor brane, namely Nf = 1. The heuristic arguments about the 
stability of the configuration apply also to the single flavor brane case, and moreover the 
conclusion that the baryon vertex is immersed in the flavor brane and does not hang out 
of it applies here as well. Thus, we conclude that there should be baryonic solutions for 
the abelian analog of ( |4.5| ) plus (|4.10| ). In fact from the point of view of the underlying 
SU(N C ) QCD theory, there is no reason that there will not exist baryonic states as singlets 
of the gauge symmetry composed from N c quarks. 

The action describing the theory on the single flavor, which is reduced from the ex- 
panded DBI action and the Chern-Simon term, takes the following form: 



>JV /= 1 



— K 



d 4 xd~z(^h(z)F^ + ~k(z)F^ d*xd~ze^ h A F tJ F k ,. (5.1) 



Here (A^, Ag) denotes a U(l) gauge field in five dimensions. 
The associated equations of motion are 

h^F* + d~ z (k(~z)F~ z0 ) = -^le^FijFks, (5.2a) 

OAK 

h(z)d^ + d s (k(z)F Si ) = -— e V k [2d j (A i} F ks ) + d s (AoF jk )}, (5.26) 

OAK 

k{~z)d^~ z = ——e ijk d k (A Fij). (5.2c) 

OAK 

28 



For simplicity, we shall consider the anti-podal case (£ = 1), in which z = z, h(z) = 
(1 + z 2 ) -1 / 3 , k(z) = 1 + z 2 and k = k. We assume that the U(l) gauge field is static and 
analyze the leading behavior in the A -1 expansion under the rescaling ( |4.13j ). Then the 
equations of motion ( |5.2[ ) are reduced to 

0,7T 

d 2 M A = ——e ijk FijFk z , (5.3a) 

o 

8 M F MN = 0. (5.36) 

( ^3 . 36|) is the U(l) version of the instanton equation in four-dimensional Euclidean space. 
Now it is well known that the abelian theory does not admit a non-singular instanton 
solution and thus we are facing a problem of how to identify the baryon in such a theory. 
In fact this situation is of no surprise, since in a similar manner there is no Skyrmion 
solution to an abelian Skyrme-like theory. 

We suspect that there should be a solution once we switch back the curvature nature 
of the five-dimensional model, namely when we include higher order corrections in 1/A. 
This is an open question that deserves a further study. 



6. Baryons in six-dimensional holographic model 

In analogy to SS model 0, one can introduce a stack of Nf D4-branes and a stack of 
Nf anti-D4-branes to the background of near extremal D4-branes of a six-dimensional non- 



critical gravity model |3g,[42[. The model, which like all other non-critical models suffers 
from the fact that it has order one curvature, is based on a compactified AdSg spacetime 
with a constant dilaton and hence does not suffer from large string coupling as happens in 
SS model. The spectra of mesons were analyzed in p5|j4^1 and its thermal phase structure 
was determined in [47]. Most of the properties of the non-critical holographic model are 
similar to those of SS model, but some properties like the dependence of the meson masses 
on the stringy mass of the quarks and the excitation number are different. 

The purpose of this section is to investigate the baryon configurations in the non- 
critical holographic model of pi| and to see how, if at all, it differs from those of the 
critical model. As was discussed in Section 3, the baryon vertex is a D4-brane wrapping 
the transverse S 4 cycle. In the six dimensional model by construction the S 4 does not 
exist, so one may wonder that the whole idea might not work for that model. However, 
one can use instead unwrapped DO-branes. In analogy to the Chern-Simon term on the 
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worldvolume of the wrapped D4-branes discussed in Section 3, there is also a Chern-Simon 
term of the form N c Aodt on the DO-brane worldvolume and hence also in this case one 
needs to attach N c strings to the DO-baryon vertex. The other end of each of these strings 
will be obviously attached to the probe flavor D4-branes. Just as for the near extremal 
D4-branes of the critical model, and in fact as is shown in appendix A for any Dp branes, 
also in the non-critical model the baryon vertex will be attached to the probe branes. Let 
us now analyze the baryons in the corresponding five-dimensional theory. 
The background of this model [j38[,f42H is given by 



ds 2 = [rj^dx^dx" + f(u)dxl] + (^j 

* 2v/2 „ 



R\ 2 du 2 



V3N C 
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(6) 



/(«) := 1 



— N c [ — ) dxo A dxi A dx2 A dx% A dx^ A du, 



Since the period of X4 direction is 4nR 2 /(5-ukk), the mass scale is 



M KK 



5u K k 
2R 2 ' 



(6.1) 



We concentrate on the Nf = 2 case and use the same decomposition of the U{2) gauge 
field as in ( [4.9Q . In this background (|6.1|) , the action of the flavor D4- branes is described 
by 

S = T± J d 5 x e~+ y/- det(g MN + 2na'F M N) + T A ~a J V(C (5) )+b J u^ {2) 
= S + S YM + Scs + O(A 3 ), 

where 



£0 = T 4 e ^ j d xdx4 ( — 



u 



uj f(u) 



'YM 



f Id xdz tr 



-h{z)jf v f] pa F^F va + M&xkizWF^Fn 



Scs = be MNP ® J d A xdz 



3 A 3 A 

-A tr(F MN F PQ ) - -A M tT(d A N Fp Q ) 
o z 



3 „ 1 » * 1 * 

+ -^F M n^(AqFpq) + —AqFmnFpq — -A m F qn Fpq 



(6.2) 



(6.3) 
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up to total derivatives. T is equal to (na') 2 T 4: Re~^UKK~ 1 , which is proportional to N c . 
So we describe T := cN c . Note that a, b are constants and o = (2/y / 5)a W^i - Introducing 
the coordinate z defined by 



UKK 



c 5 + cv, c 



^0 
UKK 



we compute h(z) and k(z) in the power expansion for small z, 



h(z) =h + h lZ 2 + 0(z 4 ), k(z) =k + k lZ 2 + 0(z 4 



he 



40 



hi 



2(a 2 -l)C 



5^/2C 5 - 1 - 2a( 5/2 VC 5 -! 5 (2C 5 - 1 - 2aC o/2 y^C^l 



3/2 



C 3 /V2C 5 -l-2aC 5 /2 v ^I 



Without any loss of generality, we can set Mkk = 1 again. Using the rescaling 



r . ^.0 i 



:Z, 



N C A Z 



(6.4) 



the Yang-Mills action (6.2) is expanded with respect to the large N c 



'YM 



— c / d^xdz tr 



1 



+ -ftiz 2 ^ + fci* 2 F 2 - - k F 2 z + OiN- 1 ] 



— c Id xdz 



N c [ ^h F 2 +k F 2 z 



+ l -h lZ 2 F 2 + hz 2 F 2 z - h Q F 2 t - k F 2 z + OiN- 1 ) 



Then the equations of motion for the SU (2) part are described as 



h D*F l0 + k D z F z0 - ^e MNp QF M NF PQ = 0, 

8c 



hoD l Fa + k D z F 



0, 



k D l F iz 



(6.5a) 
(6.56) 
(6.5c) 
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while the equations of motion for the U(l) part are 



hod % +k d*F z0 - 3 X MNp Q 

8c 

h d l F ZJ + k d z F ZJ = 0, 
k d l F lz = 0. 



^(FmnFpq) + -F mn F P q 



(6.6a) 

(6.66) 
(6.6c) 



Since ( |6.56, cj) correspond to the instanton equation, in completely the same way as in SS 
model, the equations of motion ( |6.5|) and ( |6.6|) can be solved as 



A M {x\z) 

A) = o, 
A M = 0, 
A 



MOgdng- 1 (M = 1,2,3, z), 



36 1 



1 



p H 



cVhokoei (e+P 



2\2 



where 



v(0 



g{x ,z) 



s(z - Z)l - i{x l - X*)Ti 



£ := ^(x l -X i ) 2 + s 2 (z-Z) 2 , s 
These solutions (|6.7|) lead to the baryon mass, 



ho 
ko' 




M = N c c I d 6 xdz tr( -^-Ft + k Ff z 



2 



+ c d 3 xdz 



tr( ^z 2 F! j + hz 2 Fl 



h 



k 
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_ ^e MNp QA Q tr(F MN F PQ ) 
8c 

32tt 2 c ^ 32tt 2 c 2 



+ 0(N~ 1 ) 



25C 



+ ^ ^ - 1 - 2a^ 2 ^)p 2 + ^± + O(N^). 



18tt 2 6 2 1 



25C 



C P 2 



The critical value of Y and p minimizing the baryon mass M is evaluated 
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^ = 0, pi. 



2V2c\J 2C 5 - 1 - 2aC 5 / 2 v / C^ 3 ^' 



(6.7a) 
(6.76) 
(6.7c) 

(6.7d) 



Since the non-critical model has an effective 't Hooft model of order one, we find that 
in the non-critical case the size of the baryon is order one. 
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7. Conclusions and discussions 

We have considered the baryon sector in the non-anti-podal SS model, where the 
parameter £ is introduced in addition to Kaluza-Klein mass Mkk and 't Hooft coupling 
A. This model converges to the original (anti-podal) SS model at ( = 1. 

The baryon mass formula (f4.25| ) has been calculated as a function of £ and Mkk- We 
have compared the mass spectra with the experiment in the two ways. Firstly, identifying 
the two lowest modes with the experimental values of n(940) and A(1232), we have ob- 
tained the relation ( |4.30| ) between ( and Mkk and computed the mass spectra of N and 
A baryons as shown in Table 2. The relation ( |4.30|) implies that Mkk is bounded to be 
less than 487 MeV because of £ > 1 by definition. Secondly the baryon masses have been 
evaluated by the use of the minimal x 2 fitting. In this method, we can read that the upper 
bound of Mkk is 424.8 MeV. Anyway, in both cases, Mkk does not reach 949 MeV used 
in 0,0. 

By following the method given by ||37|| , we have analyzed the isoscalar, isovector 
and axial mean square radii, the isoscalar and isovector magnetic moments and the axial 
coupling. We have incorporated these physical quantities with the mass spectra of the 
baryons and p and a\ mesons, and compared them with the experiment. Then we have 
obtained Mkk as the functions of £, which are depicted in fig. 10. From these analyses 
we conclude that the £ = 1 model, that is, the original SS model, is fitted best to the 
experiment. However, if without any justification £ < 1 is permitted by some modification 
of SS model, we have found that the best-fitted values of (£, Mkk) are (0.942, 997[MeV]) 
by the use of the x 2 method. The physical quantities computed with these values are 
listed in Table 5 and are in good agreement with the experiment. Though the appropriate 
modification of the incorporation of baryons to SS model is still not clear to us, here there 
are two possible options: 

• Since the weighted baryon vertex which is located at the tip of the U-shaped flavor 
D8-branes has an object with energy that scales with N c , it might backreact on the 
flavor brane and also on the background geometry in such a way that the tip of the 
cigar would be pulled down to m^ k (< «kk)- Then £, which defined by Q4.1Q , can take 
the value in £ > w kk /mkk, where the lower bound of £ is smaller than one. 

• SS model is the dual of massless QCD. In order to put mass on the quarks, we need to 



consider the contribution of the open strings ending on the flavor D8-branes [|33"| -|36 



The tension of the open strings would pull up the D8-branes and the best-fitted value 
of C, which is smaller than one, might be recovered to the value in £ > 1. 
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We have also calculated the energy of the D4-brane wrapped in 5" 4 as a baryon vertex 
and analyzed its stability with respect to the location on the u direction. In the 
confinement phase, the energy is monotonic on «b, the baryon vertex is stabilized at 
ub = uo, that is to say, the baryon vertex stays at the tip of the flavor D8-branes. On 
the other hand, in the deconfinement phase, there appears an interesting property. This 
is caused by the balance between the tension of the iV c open strings, which corresponds 
to the quarks of baryon, and the attractive force from the black hole. The parameter 
ut corresponds to temperature. Here we consider the behavior of the baryon vertex with 
respect to «t by fixing the tip of the D8-branes uq. If Xq(= uq/ut) is larger than x cr 
given by ( |3.1| ), the baryon vertex becomes stable at the tip of the D8-branes. If xo is 
smaller than x cr , the baryon vertex goes to the tip of the cigar background, which is a 
black hole. In other words, the baryon vertex can be realized at the tip of the D8-branes 
at temperatures lower than a critical temperature, but it falls down into the black hole at 
temperatures higher than the critical temperature. This property is similar to the chiral 
symmetry restoration [ 30| . 

Finally we have commented on the single flavor model. It is impossible to apply the 
Skyrme model to the case of single flavor, because there does not exist a U(l) instanton. 
On the other hand, in the holographic models, we can easily suppose the picture of the 
baryon vertex with single flavor. Though the instanton solution also plays an important 
role in our analysis of baryons, we conclude that the singular solution of the U(l) gauge 
field is interpreted as the baryon. 
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Appendix A. baryon vertex in Dp-branes' background 



Let us consider the energy E p of D(8— p)-brane wrapped on S 8 p and N c fundamental 
strings, which is denoted by 



S p = -T 8 -pJ dtdtt 8 - P e *\J- det #d(8- p ) - N c T f J dtdu^ -det g 
where the tension of D(8 — p)-brane T 8 _ p = (2n) p ~ 8 l P ~ 9 . 



string 



dtE, 



A.l. Confinement phase 



The metric of the background is described as 



ds 2 = 



u 



p-1 



-dt 2 + J2( dx *) 2 + f(u;p)(dx p )< 



i=i 



+ 



R, 



u 



7-p 



du 2 ,^ 

— r + U dUs-p 

fWP) 



(7-p)(3-p) 

> e ' =9s[ — ) , f(u;p) = l-[ — 



R 7 ~ p 

(7-p)V 8 



u 



u 



7-p 



where V 8 - p is the unit volume of S 8 ~ p : which is equal to 2yr( 9 -p)/ 2 /r((9 - p)/2). The 
energy is described as 

Ep{u B ,u ) - ^£ COQi , £ am£ {x,x Q )-—x + J fY—^f^ 



UB U 

x := — , Xq : = — , 1 < x < Xq. 
u A U A 



The integration can be computed in terms of the hypergeometric function 2-Fi, 

f x ° dy = _ 2ix 9 s E ( p-9 1 23 - 3p 7 _ p \ 
L x/l-y p - 7 9-p 2 1 \2p-U'2'U-2p' X J 



2%x/ ( p-9 1 23 -3p j_ p 
+ 9-p 2 ^ 1 V2p-14 , 2'l4-2p' X ° 
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A. 2. Deconfinement phase 

The metric of the background is described as 

7-p 



ds' 



u 

R r , 



-f T (u;p)dt 2 + J2(dx 1 ) 2 



+ 



7-p 

-LLp 

u 



du A 



fr(u;p) 



+ u 2 dQs-p 



7 _ p _ g s N c (27rl s y-v 



(7-p)V 8 - 



(7-p)(3-p) 

u 



Ut 

u 



7-p 



, f T (u;p) = l- 

\ u j 

The energy E p can be evaluated, 

E P (U B ; U ) = deconf > ^deconf &o) = y^-X^l -X^" 7 + (x Q - x), 



x := — , xq := — , 1 < x < Xq. 



8. 



(p) 



deconf 



— p = 6 




fig. 12 £ 



(p) 

deconf 



Fig. 12 implies that only Eq(ub) is a monotonically increasing function. 
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